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Let P, be the set of all algebraic polynomials of degree n or less. For
feCla, b), the degree of approximation to f by polynomials in P, is
E.(f) = inf{||f — p|: p € P,}, where the norm is the uniform norm. Jackson’s
theorem [1] states that there exists C > 0 such that E,(f) < Cw(Jf; 1/n),
where w(f; 8) is the modulus of continuity of f.

fis said to be piecewise monotone if it has only a finite number of local
maxima and minima in [a, b]. The local maxima and minima in (g, b) are
called the peaks of f. Wolibner [5] has shown that for any € > 0 there exists
a polynomial, p, such that || f — p|| < € and p is comonotone with f; i.e.,
p increases and decreases simultaneously with f. Let E, *(f) = inf{|f —p I
peP,, p comonotone with f}. Clearly E, *(f) = E.(f). We seek an upper
bound on E,*(f). For f monotone, Lorentz and Zeller [3] have shown that
there exists C; > 0 such that E,*(f) < Cyw(f; 1/n). Newman, Passow, and
Raymon [4] have obtained results of a modified nature. They have shown
that there exists p € P, satisfying ||/ — p || << Cow(f; 1/n), C, an absolute
constant, such that f and p are comonotone except in certain neighborhoods
(whose diameters tend to zero with n) of the peaks. In this note we obtain
a comonotone approximation on the entire interval [a, 5], but at a sacrifice
in the accuracy of approximation.

LemMMA 1. Let fe CY+Vq, b] and suppose that f(u) =0, ue(a, b). Let
g(x) = f[x, ul, the divided difference of f, where we define f[u, u] = f'(u).
Then g € C'la, bl and || g9 || < (j + D7 fU+V L.
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Proof. g(x) =fIx, u] = [of'((x — w) t + u) dt, [2, p. 250]. Thus,

1
g = f (% — u) t + ) dt,

g0(x) = | S PF(x — u) £ 4 1) .
0
Therefore g € C’la, b] and || g || < [|f940 || f5 £ dt = (j + 1[I f 44V |,

LemMMA 2. Let f be a piecewise monotone function, with peaks at
X1 5 Xg 50y Xi , and suppose that f € CU++l[q, b]. Let

k k -1
g =Y [p (s — x,)] Floxl,  where flxi,x) = F'(x).
i=1 =]'.

Then
(@) geCUYthVq, b];

3 ”f(:l+k+1) H [ _ ] .
(®) gV < =y GFP ?;1 glxi x| s
I#4
© gl < G + GEor i L

Proof. Since f' € CUtP[q, b], by Lemma 1, f'[x, x,] € CU+¥-1q, b], so
that g € CU+*-D|q, b], proving (a).

Now
8 = 3 [T e~ )] rsxd
=
i [H (x; — xz)J f F((x — x)t+ x;) dr.
M
Therefore,

gUHD(x) = i [H (s — x;)] j {UHEDF G ((x — x) ¢ + x;) db,

i=1 Li=1
1#i

and (b) follows from this.
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To prove (C), let gl(x) =f’[x, xl] and gi+1(x) = gi[x’ xi+1]a i= 1’ 23'-', k-~ L.
Then g;.1(x) =f'[x, X1 yoors Xe1, i = 1, 2,..., kK — 1, [2, p. 248]. Hence,

k k -1
80 = f5 5wl = X [ —x[ Fnxd @
=y

the last expression being equal to g(x) [2, p. 255]. By Lemma 1,
& IS C(J+k—1)[a b] and ” g(1+k—1) ” (J _+_ k)—-l ”f(:+k+1) ” 2 € C(.’i+k—2)[a b]
and || g 2| <+ k — 1) g{#**V|,..., g€ C'la, b] and | gf’ || <
G+ Dt g |

Thus

@Dy _ o LA ]“ GkrD) ! k1)
1891 = Il g8 n<[£[1(;+l) 17600 ) = L,

and the proof of the lemma is complete.

THEOREM 1. Let f be a piecewise monotone function with peaks at
Xy 5 Xp 5eeey Xz, and suppose that fe CUt*+D[q, b). Then there exists d; such
that, for n > 2(k +j),

dyb — a1 £ |

EX(f) < -

Proof. Define g as in Lemma 2, and note from (1) that

R f %) -

since f'(x;) = 0 for i = 1, 2,..., k. Thus g maintains a constant sign on [a, 5],

which, we may assume, is nonnegative. Therefore, there exists g€ P,_;_,
such that g(x) >0 on [a, bl and || g — q|| < 2E,_,_,(g). Hence,

|y — 10 | < 2Eesn®,

so that
k
|76 — 4G [T G — %) | <26 — & Enss(8).
Thus

& 3
|10 f@ — [ 4O [T¢ = xd dt | < 26 — & Epas(9).
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If we let

P =@+ [ a0 T] ¢ - x s,

then p € P,,, p is comonotone with f, and || f — p || < 2(b — a)*** E,_,_,(2).
Since g € C'la, b] and || g || < || fU+*+1) ||, there exists @; such that

a; || fUkHD |
E, 14(8) < m—Kn—k—D-—(n—k—j+1

for n>(k+,p, 1]

<2£a_l%f"_“.’i for n > 2k + j).

Thus

4[17.([) — a)k+1 ”f(i+k+l) ” _ dy(b _— a)k+1 ”f(]'+k+1) ”

If=pll < ~ =

for n > 2k + j).
THEOREM 2. Let f satisfy the hypotheses of Theorem 1. Then there exists
r;  such that, for n > 4k + j + 2),

— k41 5, (j+k+1)
e < =9l 70

where r; 5, depends on Xy , X, ,..., X;; and j.

The proof of Theorem 2 is identical to that of Theorem 1, but makes use
of parts (a) and (b) of Lemma 2 in the same way that Theorem 1 uses part (c)
of that lemma.

Notice that the order of comonotone approximation in Theorem 2 is
smaller than that in Theorem 1. On the other hand, the constant r;; in
Theorem 2 depends upon the location of the peaks of £, while the constant d;
in Theorem 1 is independent of f, », and k.
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